In this paper, we develop Bayesian Hamiltonian Monte Carlo methods for inference in asymmetric GARCH models under different distributions for the error term. We implemented Zerovariance and Hamiltonian Monte Carlo schemes for parameter estimation to try and reduce the standard errors of the estimates thus obtaing more efficient results at the price of a small extra computational cost.
Introduction
ARCH and GARCH models first introduced by Engle (1982) and generalized by Bollerslev (1986) is certainly the most used class of models to study the volatility of financial markets and have been around for decades now (see for example Teräsvirta (2009) and Tsay (2010) ). In terms of the statistical framework, these models provide motion dynamics for the dependency in the conditional time variation of the distributional parameters of the mean and variance, in an attempt to capture such phenomena as autocorrelation in returns and squared returns. Extensions to these models have included more sophisticated dynamics such as threshold models to capture the asymmetry in the news impact. An example is the extended version of the GARCH model proposed in Glosten et al. (1993) (GJR-GARCH hereafter) . This composite model deals with possible asymmetries in the volatility responses incorporating a leverage effect in the volatility equation.
From a Bayesian perspective, computational methods based on Markov chain Monte Carlo (MCMC) have been utilized to address the complexity of these models. These are considered one of the most efficient estimation methods for this class of models. For a survey on Bayesian estimation of GARCH models see for example Virbickaitė et al. (2015) .
Zero-variance MCMC methods using control variates can dramatically reduce the Monte Carlo variance of Bayesian estimates based on the posterior expectation. Recently, Mira et al. (2013) showed how ZV-MCMC can be applied to estimate the parameters in a univariate GARCH(1,1) model with Gaussian errors. Many empirical studies however, indicate that this model does not account for the degree of kurtosis usually observed in most financial time series. It is also known that the distribution of asset returns exhibit the so called leverage effect, i.e. a negative past return tends to increase the present volatility. In this paper we discuss the use and efficiency of zero-variance MCMC (ZV-MCMC) coupled with Hamiltonian Monte Carlo (HMC) methods to estimate GJR-GARCH models. To increase flexibility we allow the error terms to follow normal, t-Student, Generalized Error Distribution (GED) and the Generalized t (GT) distributions (McDonald and Newey (1988) ) with mean zero and unit variance.
The main contributions of the paper are to provide closed-form analytic expressions necessary to implement the methods and assess their statistical performances via simulation studies. We also illustrate with real time series data. To our knowledge, such methods have not been applied and studied before in the context of GJR-GARCH models. All the computations in this paper were implemented using the C++ programming language through the Rcpp and RcppArmadillo which are available in the open-source statistical software language and environment R (R Development Core Team (2015) ).
The remainder of the paper is organized as follows. Section 2 describes the Bayesian model and the associated algorithms used for inference. In Section 3 a simulation study is conducted to illustrate the flexibity and computational gains in using the proposed algorithms. Section 4 presents a financial application using index data and Section 5 concludes the paper.
Methodology
The so called GJR-GARCH model (Glosten et al. (1993) ) is widely used to describe leverage effects as it takes into account possible asymmetries in individual assets volatilities. The model is defined as,
where the ǫ t are independent and identically distributed error terms and D(0, 1) denotes a distribution with mean zero and variance 1. Then, given the past history at time t denoted F t−1 = {y t−1 , y t−2 , . . . }, h t is the conditional variance of y t written as an exact function of the past. Also, ω > 0, α i + φ i ≥ 0, i = 1, . . . , p and β j ≥ 0, j = 1, . . . , q define the positivity constraints and p i=1 (α i + φ i /2) + q j=1 β j < 1, ensures covariance stationarity of h t . In the variance equation, the indicator function I t−i = 1 if y t−i ≤ 0 and I t−i = 0 otherwise clearly induces a possibly asymmetric effect of y 2 t−i on h t . Finally, it is clear that if φ i = 0, i = 1, . . . , p this model reduces to the GARCH(p, q) model with symmetric effects.
Likelihood and Prior Distributions
Following the Bayesian paradigm we need to complete the model specification with appropriate prior distributions for the parameters. The likelihood function,
for t-Student errors with degrees of freedom parameter ν > 2 and,
for GED errors with shape parameter ν > 0 where λ 2 = 2 −2/ν Γ(1/ν)/Γ(3/ν). Since its kurtosis is given by Γ(1/ν)Γ(5/ν)/Γ(3/ν) 2 − 3 then when 0 < ν < 2 this distribution reproduces heavy-tails.
Also, two special cases of the GED are the standard normal distribution when ν = 2 and the Laplace (or double exponential) distribution for ν = 1. Finally, for the generalized t errors,
, where η > 0 and ν > 0 are two shape parameters. Larger values of η and ν yield a density with thinner tails than the normal while smaller values are associated with thicker tailed densities. We propose the following prior distributions for the tail parameter ν. For GED errors, ν ∼ N (0, σ 2 ν ) truncated to ν > 0 while for Student-t errors we consider a N (0, σ 2 ν ) distribution truncated to ν > 2. For GT errors, η ∼ N (0, σ 2 η ) truncated to η > 1 and ν ∼ N (0, σ 2 ν ) truncated to ν > 1/η. For the parameters in the variance equation we also assign truncated normal prior distributions,
Finally, we assign a normal distribution for mean parameter, µ ∼ N (0, σ 2 µ ). Also, in order to employ the algorithms in this paper we need to implement transformations of model parameters to the real line. Here we propose to the following set of parametric transformations, ω * = log(ω), α * = log α 1−α , φ * = log 2φ 1−φ , β * = log β 1−β . For the parameters in the error distribution we take ν * = log(ν + c) and η * = log(η) where c is the model constraint.
Zero Variance Methods
We assume that the aim is to estimate the expected value of a function f of the parameters θ with respect to their (unnormalized) posterior distribution π, i.e.
In order to reduce the Monte Carlo error of this estimate the idea is to replace f by a functionf which is constructed such that E π (f ) = µ f but its variance is much smaller. The zero-variance (ZV) principle was introduced in the physics literature by Assaraf and Caffarel (1999) and Assaraf and Caffarel (2003) and latter studied in Mira et al. (2013) where rigorous conditions for unbiasedness and existence of a central limit theorem (CLT) were derived. In what follows, we use the re-normalized functionf defined as,
where H is a Hamiltonian operator and ψ is an arbitrary trial function. If Equation (1) satisfies µ f = µf thenf can also be used to estimate the desired quantity given a sample from the posterior distribution. So, in practice this condition must be verified as it depends on the choices of H and ψ. Defining σ f as the standard deviation of f with respect to π, the optimal choice of H and ψ is obtained by setting σf = 0 (or equivalentlyf = µ f ) which in turn leads to the following fundamental equation,
Unfortunately, in most practical applications this cannot be solved analytically and an approximate solution is proposed in Mira et al. (2013) as follows. First specify the operator H which is required to be Hermitian and satisfy H √ π = 0. Then, parameterize ψ in terms of optimal parameters by minimizing σf and estimate these parameters from a short MCMC simulation. Finally, a long MCMC simulation is performed from which the posterior expectation is approximated usinĝ µf instead ofμ f . Here we adopt the so called Schrödinger-type Hamiltonian operator proposed in Assaraf and Caffarel (1999) . For θ ∈ R d ,
where
∆ θ π(θ) and ∆ θ denotes the Laplace operator of second derivatives
This choice of operator guarantees the necessary condition H √ π = 0.
The trial function ψ is typically chosen as ψ(θ) = P (θ) π(θ) where P (θ) is a polynomial function. In principle, a higher variance reduction can be achieved by simply using higher order polynomials. In practice however, it has been reported in the literature that first and second degree polynomials will provide considerable variance reduction (see Mira et al. (2013) , Papamarkou et al. (2014) and Oates et al. (2016) ).
This trial function is combined with the Hamiltonian in (2) giving rise to the following renormalized function of θ,f
where z(θ) = − 1 2 ∇ θ log π(θ) and ∇ θ log π(θ) denotes the gradient vector of log π(θ) with respect to θ. The elements in z are known as control variates. In particular, for a first degree polynomial, i.e P (θ) = d i=1 a i θ i = a ′ θ it follows thatf (θ) = f (θ) + a ′ z(θ) and the coefficients a ∈ R d are chosen so as to minimize the variance off (θ). It can be shown that these coefficients are given by,
and are estimated from a short MCMC simulation which generates a sample θ (1) , . . . , θ (M ) from the posterior distribution. Substituting the matrices in (3) by the sample variance matrix of z(θ (l) ) and the sample covariance matrix of f (θ (l) ) and z(θ (l) ), l = 1, . . . , M we obtain an estimateâ of the coefficients. Onceâ is computed we can proceed and perform a much longer simulation which generates a sample θ (1) , . . . , θ (N ) from the posterior distribution of θ. This gives rise to a sample of re-normalized functions,f
and the posterior expectation of θ is estimated asμf = N l=1f (θ (l) )/N . As was recently noticed by Papamarkou et al. (2014) , these ZV methods can be embedded in sampling schemes that require the computation of gradients of the log-target density in the first place. This is the case for so called differential-geometric MCMC schemes like Hamiltonian Monte Carlo, Metropolis adjusted Langevin algorithm and their manifold extension (see Girolami and Calderhead (2011) for details).
Hamiltonian Monte Carlo
The random walk Metropolis-Hastings algorithm is a commonly used approach in the Bayesian literature for GARCH models. Hamiltonian Monte Carlo (HMC) methods on the other hand combine Gibbs updates with Metropolis updates and avoids the random walk behaviour which may lead to inefficient exploration of the parameter space. This method processes a new state by computing a trajectory obeying Hamiltonian dynamics (Neal (2011) ).
Consider a random vector θ ∈ R k as position variables (parameters) and r ∈ R k an independent auxiliary random vector with r ∼ N k (0, M ). The parameter space in then augmented by this auxiliary parameter r and the joint probability density function of (θ, r) is given by
] is refered to as the potential energy and K(r) = r ′ M −1 r/2 is called the kinetic energy. A candidate value for (θ, bf r) is generated in two steps. First, a value of r is simulated from a normal distribution with mean zero and covariance matrix M independently of θ. Second, the joint system (θ, r) made up of the current parameter value and the new momentum r evolves through Hamiltonian dynamics defined by the pair of differential equations,
In practice however, these equations cannot be solved analytically and must be discretized using some small stepsize ǫ > 0. The leapfrog operator is typically used to solve Hamilton's equations (Leimkuhler and Reich (2004) ) and works as follows,
The resulting state at the end of L repetitions of the above three steps is a proposal (θ * , r * ) for the augmented parameter vector. Since this discretization introduces an error, a Metropolis acceptance probability is employed to correct this bias and ensure convergence to the invariant posterior distribution. The transition to a new proposed value is accepted with probability,
and otherwise rejected.
Influential Observations
In this section, we propose to compute the Kullback-Leibler (K-L) divergence to assess the potential influence of an observation in the posterior distribution (see for example Hao et al. (2016) ). The idea is to compare the posterior density p(θ|y) with a perturbed posterior density p δ (θ|y) by measuring a divergence between p(θ|y) and p δ (θ|y). For a direct comparison, the Kullback-Leibler divergence between p(θ|y) and p δ (θ|y) is given by,
We now define a general perturbation as the ratio of unnormalized posterior densities,
from which the perturbed posterior density can be written as,
So in terms of perturbation, the divergence (5) is written as,
In particular, to assess the potential influence of observations only the likelihood function is perturbed and the associated perturbation is given by,
where y (i) denotes the series with the ith observation deleted. In our GJR-GARCH(1,1) model however, for t = i+1 we need to redefine the conditional variance and consequently the (i+1)th term of the likelihood function in the numerator of (8). It is not difficult to verify that, E(y i+1 |F i−1 ) = 0 and,
where we used the fact that E(y 2 i |F i−1 ) = h i and E(I i |F i−1 ) = P (I i = 1|F i−1 ) = 1/2 for symmetric distributions.
Then, given a sample θ (1) , . . . , θ (N ) from the posterior distribution of θ we obtain the following approximation for the divergence of the i-th observation,
is the mean perturbation for the i-th observation. Higher values of this positive valued measure provide indication for possibly influential observations. However, in a similar vein as suggested in Santos and Bolfarine (2016) , we propose to analyse these quantities relatively to the others for each observation. This is accomplished by counting how many times each value is greater than the others along the MCMC simulations. So, given a sample from the posterior distribution we obtain samples of KL divergences as,
and for each i we compute the following sample proportions,
Each of these proportions provides an estimate of the posterior probability of the ith observation being influential.
A Simulation Study
Here we concentrate on the performance of posterior means as parameter estimators using HMC methods as opposed to traditional MCMC (Random walk Metropolis) in the presence of variance reduction. We check the effect of relaxing the normal errors assumption and model misspecification.
To generate the artificial data we considered GJR-GARCH(1,1) models with four distributions for the errors: Gaussian, GED with parameter ν = 0.8, Student t with ν = 8 degrees of freedom and generalized t distribution with shape parameters ν = 4 and η = 1. For each model we generated m = 200 time series with n = 200, 500, 1000, 2000 observations and parameters ω = 0.05, α = 0.05, φ = 0.1, β = 0.85 and µ = 0. So, the simulated returns induce possible asymmetric effects on the volatilities. Also, the persistence of the volatility processes, measured by α + φ/2 + β is 0.95 (a common finding when estimating such models). We assume independent truncated normal prior distributions are as described in Section 2.1 with large variances equal to 1000.
For the Metropolis-Hastings algorithm we proposed new parameter values from a multivariate normal distribution centered around the current value with a variance-covariance proposal matrix which was calculated from a pilot tunning procedure. Specifically, we construct a pilot sample of 2000 values from a Metropolis-Hastings with proposal variance-covariance matrix ǫI k . A sample variance-covariance matrix M is then calculated from the output of this pilot sample. The proposal variance-covariance matrix is ǫM where ǫ is tuned so that the acceptance rates are close to 0.8.
For the HMC algorithm, we set M = I k , L = 20 and chose a value for ǫ which lead to acceptance rates between 0.7 and 0.9. Two samples of size 2000 were generate discarding the first 1000 as burnin. Then one sample was used to estimate the parameters in the zero variance method and the other one was used to estimate model parameters.
Tables 1, 2, 3 and 4 present the results from the simulations in terms of average bias and Monte Carlo standard errors. Overall, the zero-variance methods provided a pretty small bias reduction (or no reduction at all) when used in tandem with HMC methods.
Tables 1, 2, 3 and 4 about here
The simulations also show that the zero-variance method is very efficient at reducing the standard error of the estimators, particularly when a quadratic trial function is utilized. This is so for all sample sizes and error distributions. Take for example the standard error of the parameter ω in the GJR-GARCH(1,1) with normal errors which is 0.00015 for the HMC and is reduced to 0.00001 for the ZV-HMC-Q (a 15-fold reduction).
Finally, we note that the parameter ν in GJR-GARCH(1,1)-GT model shows an odd behaviour when compared to the others. Its bias does not decrease with the sample size and stays around 0.55. In other simulations during this study we noticed that the parameters ν and η show a large posterior correlation.
Empirical Results
In this section, we illustrate the application of ZV, HMC and influential observation methods by analysing some important stock market indexes. We analysed the daily observations of the hundredfold log-returns of daily indices of stock markets in Tokyo (SP&500) from Oct 6, 2009 until June 2, 2017, which leads to 1926 observations. These data were obtained from Yahoo Finance and Figure 1 shows the time series returns.
Figure 1 about here
Then, GJR-GARCH(1,1) models with the error terms ǫ t following Normal, GED with parameter ν, Student t with ν degrees of freedom and Generalized t distributions were estimated. The prior distributions are again independent truncated normal distributions as described in Section 2.1 with variances all equal to 100.
For each model, we drew 10,000 samples of parameters using HMC methods and discarded the first 5,000 as burn-in. Table 5 presents the point estimates (posterior means) and the associated standard errors of the parameters for the GJR-GARCH(1,1) model with normal, t, GED and generalized t error distributions. We note that, the ZVHMC estimators have lower standard errors than the HMC estimates, especially when the trial function is quadratic. In particular for the GJR-GARCH T case, the simulated values of ν were highly correlated and consequently the standard error is high. But applying the zero variance principle we observe a large decrease in the standard errors.
The models were also compared in terms of the following information criteria, DIC (deviance information criterion), EAIC (expected AIC), EBIC (expected BIC), DIC (deviance information criterion), WAIC (Watanabe AIC) and LOOIC (leave-one-out information criterion). The results appear in Table 6 . From this table we notice that the GJR-GARCH model with GED errors is clearly preferred in terms of all the criteria considered. We then proceed with the influence analysis for this model using the Kullback-Leibler divergence as described in Section 2.4 to detect influential observations. The results are depicted in Figure 2 . We note that the point number 1690 (24 June 2016) is the most influential one and it represents a sharp decrease of 3.65% in the index. This is the date when the United Kingdom decided to leave the European Union. 
Conclusion
In this paper we discuss and compare the Bayesian estimation of GARCH models with asymmetric effects and heavy tailed distributions under different implementations of sampling the model parameters. Especifically, we implemented Zero-variance (ZV) and Hamiltonian Monte Carlo schemes for parameter estimation. Overall, the zero-variance method resulted in estimates with lower standard errors then HMC. We also proposed tools to detect influential observations. These methods were assessed in both simulated data and real time series of returns. The simulation studies provided empirical evidence on the computational efficiency and variance reduction. The additional computational cost involved is negligible compared to that required to fit the model in the first place. Table 4 : Results from simulations for the GJR-GARCH(1,1)-GT model. 
